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MOURAD E. H. ISMAIL AND MARTIN E. MULDOON

To our friend P. G. Rooney on the occasion of his 65th birthday

ABSTRACT. We study the monotonicity with respect to a parameter of zeros
of orthogonal polynomials. Our method uses the tridiagonal (Jacobi) matrices
arising from the three-term recurrence relation for the polynomials. We obtain
new results on monotonicity of zeros of associated Laguerre, Al-Salam-Carlitz,
Meixner and Pollaczek polynomials. We also derive inequalities for the zeros
of the Al-Salam-Carlitz and Meixner polynomials.

1. INTRODUCTION

The recurrence relation

(1 X5,(x) = B,5,,(X)+7,8,(x)+3,5,_,(x), n=0,1, ...,

for a system of orthogonal polynomials gives rise to the tridiagonal (Jacobi)

matrix
% By O O
o »n B 0

The purpose of this work is to present a discrete approach to the question of
monotonicity of zeros of a parameter-dependent family of orthogonal polyno-
mials as functions of the parameter involved. One may think of the parameter
dependence as a perturbation. An outline of our approach will be given in §2.
When the coefficients ,Bn, Vs 6n in (1) depend on a parameter 7, the zeros
of the s,(x)’s will depend also on 7 and we are particularly interested in the
behavior of the zeros as functions of 7. The Hellmann-Feynman theorem, The-
orem 2.1, gives a formula for the derivative of a zero of s, (x) with respect to
7. The definiteness of the derivative of the N x N truncation of H implies the
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monotonicity of the zeros of s, (x). The question of definiteness turns out to
be equivalent to the question of whether certain sequences are chain sequences
in the terminology of Chihara [6]. We discuss this connection and provide
alternative criteria for monotonicity of a zero in §3.

In the remaining sections, we illustrate the method of §2 by several exam-
ples: the associated Laguerre polynomials, the Al-Salam-Carlitz polynomials,
the Meixner polynomials, and the Pollaczek polynomials. We also derive in-
equalities for zeros of Meixner and Pollaczek polynomials. As a by-product we
determine the rate of convergence of zeros of Meixner polynomials m, (x; 8, ¢)
to the corresponding zeros of Laguerre polynomials Lff _”(x) as c— 1 .

It is worth noting that other approaches to monotonicity of zeros of orthog-
onal polynomials use very special properties of the polynomials involved. For
example, Markov’s theorem [21, Theorem 6.12.1; 9, p. 133, problem 15] uses
the knowledge of the weight function. Sturmian arguments [21, 18, 19] use
second-order differential equations. General orthogonal polynomials do not
satisfy Sturmian second-order differential equations. Weight functions are not
easy to compute (see the discussion in [14]) and even if the weight function is
known, it may not satisfy the hypotheses of Markov’s theorem, especially if, as
in the examples in [2], the measure of orthogonality has a discrete part where
the location of the masses depends on the parameter.

2. FOUNDATIONS

There are two basic ingredients to our approach. The first is the finite-
dimensional version of the Hellmann-Feynman theorem concerning the deriva-
tive of an eigenvalue with respect to a parameter. The second is the relation
between the interval of orthogonality of a system of orthogonal polynomials and
the positive definiteness of certain matrices related to the tridiagonal matrix of
the system.

The following formulation of the Hellmann-Feynman theorem will be suffi-
cient for our purposes. For references to stronger versions, see [17].

Theorem 2.1 (see, e.g, [17]). Let H(t) be an n x n Hermitian matrix whose
entries have continuous first derivatives with respect to a parameter T for T €
T:=(t,,71,). Let A(1) <Ay(1) <--- < A,(1) be the eigenvalues of H(t) and
let #,,...,%, bethe corresponding eigenvectors. If 0H(t)/d(t) is the matrix
formed by the derivatives of the entries of H(t), then

94, % (0H[oV)Y,

— = - =1,...,n
I's JT‘/ b .] b b .
RS

An immediate consequence is the following:

Corollary 2.2. Let the assumptions of Theorem 2.1 hold. If dH/d1t is positive
(negative) definite, then the jth eigenvalue of H(t) is a strictly increasing (de-
creasing) functionof ©, j=1,...,n.
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Note that we can replace “positive” (“negative”) in Corollary 2.2 by “semi-
positive” (“seminegative”) and conclude that the eigenvalues are nondecreasing
(nonincreasing) functions of 7. Corollary 2.2 is Theorem V.2.3 in Atkinson’s
book [4]. An equivalent assertion is that if 4 and B are Hermitian matrices
and B — A is positive definite then each eigenvalue of B is strictly larger than
the corresponding eigenvalue of 4. Proofs of the latter assertion are in [11,
Corollary 7.7.4; 20, p. 475].

Let {s,(x)} be a family of polynomials such that s,(x) is of precise degree
n,n=0,1,...,and

(2) SO(X) =1, SI(X) =(x— VO)/ﬂo-

Recall that such a family of polynomials is orthogonal with respect to a positive
measure with infinite support and finite moments if and only if it satisfies a
three-term recurrence relation of the form

(3) X8,(X) = B,S,, (X)) +7,8,(x)+6,5,_,(x), n=1,2,...,
with
(4) B, >0, n=0.1,...

The polynomials {s,(x)} are orthogonal with respect to a positive measure u
which we shall normalize by
/ du(t) = 1.
A

We associate with (2) and (3) the infinite tridiagonal matrix

7 By, 0 0
_ {9 »n B 0
H=thl= 0 0, »n B

and we use the notation H, for the N x N truncation of H. We have

So So
S Sy
H)y =X
Sn—i Sy

if and only if x is a zero of s,(x). This identifies the zeros of the polynomials
sy(x), which are real and simple, as eigenvalues of the matrix H .

In what follows we will suppose that {s, (x)} satisfies (2) and (3) and assume
that 8, , 7,,and J, are differentiable functions of a parameter 7, 0 <n < N,
and we will be interested in using Theorem 2.1 to get a formula for the derivative
of a zero of s5,(x) with respect to 7 and hence to discover conditions under
which the zeros are monotonic functions of 7.
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This problem has been considered by the first author [12] who used a slight
generalization of Theorem 2.1 with nonsymmetric H(7). This gives useful
information in some cases, by showing that the entries in ?/f(a H/o T)?/j are all
positive. Thus, for example, in the case of birth and death process polynomials
(v, = =B, —9,) one can get information on the monotonicity of the largest
and smallest zeros in this way [12, Theorems 1, 2, and 3]. In the case of a class
of polynomials considered by Dickinson, Pollack, and Wannier, 8, = J, and
7, = 0, one may get information on all the zeros in this way [12, Theorem 4].

Here we do not wish to make, at the outset, any special assumptions about the
coefficients in the recurrence relation. However we will symmetrize the situation
by considering, instead of {s,(x)}, the corresponding orthonormal polynomials
which are given by

ﬂoﬂl"'ﬂ _1>1/2
x)=1, xX)= | ———"-2— s (x),
pyix) p = (A=) s
and which satisfy
(5) py(x) =1, xp,(x)=a,p,, (x)+b,p,(x)+a, p,_(x),

n>0, a_p_,(x):=0,

an:\lﬂn5n+l’ b":Y", YIZO

This identifies the zeros of the polynomial p, (x) (orof s,(x)) as eigenvalues
of the Hermitian matrix A4, , the N x N truncation of the matrix

where

bO a, 0 0
_ _|a b a 0
A=la;]= 0 a b a

Theorem 2.1 may be applied directly in this setting and will give monotonicity
of the zeros as functions of 7, provided that 94, /07 is a definite matrix. We
summarize our findings so far in the following theorem.

Theorem 2.3. Let {s,(x)} satisfy (2) and (3) and assume that, for n =0, 1, ...,
N-1, B,, 7, and 6, are differentiable functions of a parameter t, 1 €

(t,,1y):=T.1If(4) holds for n =0, 1, ..., N =1 and if the matrix

0 0 0 o
[& Bidi10; i1+ })’;yifsu *t o7 '31—15/5:,1+|] ’ i,j=0,...., N-1,
is positive (negative) definite, then the zeros of s,(x), ..., sy(x) are strictly

increasing (decreasing) functions of t, 1€ T.

In the application of Theorem 2.3, it is useful to have some methods of deter-
mining whether a symmetric tridiagonal matrix is positive definite. It is clear
that if a symmetric tridiagonal matrix A4 is positive definite, then any sym-
metric tridiagonal matrix obtained by increasing some of the diagonal entries
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and decreasing (in absolute value) some of the off-diagonal entries of A is also
positive definite. This is because

(6) detd, =b,_ detd, , —ay_,detd, ,.
We state this formally as follows.

Theorem 2.4. Let A and B be symmetric tridiagonal N x N matrices. Let A
be positive definite and let

b’ a’
I,i+1 < I,i+1 i=0. .. _2.
5 72 , i=0...,N=-2

H70+1,i+1 7+, 0+1

Then B is also positive definite.

In order to have a supply of positive definite matrices, to use as comparison
matrices in the foregoing theorem, it is first worth noting that the matrix

1 12 0 -+ 0

/2 1 12 -+ 0

(7) A, = o 12 1 -+ 0
0 0 0o - 1

is positive definite. This follows from det 4, = (N+1)/ 2" which can be proved
by induction on N on noting that det4, = 1, det4, = 3/4, and, on using (6),
detA, =detd, - % det 4, _,. Another source of positive definite tridiagonal
matrices is the tridiagonal matrices associated with polynomial systems whose
intervals of orthogonality are contained in [0, co). To explain this we need the
concept of true interval of orthogonality.

Definition 2.5. Let s ( ) be an infinite sequence of orthogonal polynomials and
let x, | <x, ,<: be the zeros of s,(x), n > 0. The true interval of
orthogonalzty is deﬁned as [é n] where

= lim X,
n—00

n= lim x,

, 12 n—o00 ,nt

If {s,(x)|0<n< N} isa finite family of orthogonal polynomials, then we
take
C=Xy1> N=XN n-
Both ¢ and 75 exist in the extended real number system since {x, |} is a
strictly decreasing, and {x, ,} a strictly increasing, sequence.

Theorem 2.6. Let {s,(x)} satisfy (2) and (3) and let the positivity condition (4)
hold. Then an interval [a, b] contains the interval of orthogonality [, n] of
{s,(x)} ifand only if Ay —al and bI—A, are positive definite for each N > 1.
Proof. We have ¢ > a if and only if the eigenvalues of 4, are > a, thatis
if and only if the eigenvalues of A, —al are > 0, which is true if and only if
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Ay —al is positive definite. Similarly, we see that n < b is equivalent to the
positive definiteness of b1 — A, for every N.

Theorem 2.6 is well known and is useful in providing a supply of positive
definite tridiagonal matrices to be used in Theorem 2.4. If we know that the
true interval of orthogonality of the system {s,(x)} is contained in [a, b] we
will have positive definite matrices 4, —al and bl — 4, . We may be able to
use one of these, possibly with a different value of t with which to compare
0A/d7. We will use this technique to prove Theorem 5.1 on the monotonicity
of the zeros of the Al-Salam-Carlitz polynomials.

3. THE CONNECTION WITH CHAIN SEQUENCES

The question of the positive definiteness of infinite tridiagonal matrices is
intimately connected with the concept of chain sequences in the terminology
of, e.g., [6].

Definition 3.1. A finite or infinite sequence {a,|n > 0} is called a chain
sequence if there exists another sequence {g, |n >0} such that a, =
g,(l—-g,_,), n>0,with 0<g,<1and 0<g, <1 for n >0. The
sequence {g,} is called a parameter sequence for the sequence {a,} .

The following theorem is due to Wall and Wetzel [23]; see also [22].
Theorem 3.2. Let B =[b, i1 be an infinite real tridiagonal matrix

bl,j:CI—léi,jJrl+di51,j+ciéi.j~l’ i,j20,
and assume ¢; #0, i=0,...,N—2. Let By bethe N x N truncation of
B. Then B, is positive definite if and only if d, >0, i=0,1,...,N-1,
and {cé/dld R ci,_z/dNAldN;z} is a chain sequence.

Thus the question of whether a symmetric tridiagonal matrix is positive def-
inite reduces to the question of whether a certain related sequence is a chain
sequence. The fact that the constant sequence {1/4} is a chain sequence is
equivalent to the positive definiteness of the matrix in equation (7). It may be
useful also to record that the sequence whose nth elementis 1/4+1/[16n(n+1)]
is a chain sequence; see [6, p. 98].

We observe that Theorem 2.4 asserts that a sequence of positive numbers is
itself a chain sequence if it is dominated by a chain sequence [6, Theorem 5.7,
p. 97].

Our Theorem 2.3 may be rephrased as a theorem involving chain sequences
in the following way:

Theorem 3.3. Let {s,(x)} satisfy (2) and (3) and assume that, for n =0, 1, ...,
N -1, B,, v,. and o, are differentiable functions of a parameter t, 1 €
(t,, 1) =T.1If(4) holds for n =0,1,..., N—=1 and if a;, a,, ..., ay_,
is a finite chain sequence, where

Jd 2 ay 07,‘_] .
(YI-:: [0—% Bi§i+|:| /li(‘)—‘[l 1 }, l:0,.,.,N—2,
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and if 9y,/0t > 0 (< 0), i =0,1,..., N~ 1, then the zeros of sy(x),
..., Sy(x) are strictly increasing (decreasing) functions of ©, 1€ T.

Chihara [5] pointed out the connection between chain sequences and the
true interval of orthogonality of a family of orthogonal polynomials. His result
follows from Theorems 2.6 and 3.2 but his proof is different. Although he
stated his results for infinite families of orthogonal polynomials, his proofs
are applicable to the case of finite families. The reader may note that the
definitions in [5 and 6, p. 29] of the true interval of orthogonality of a family
of polynomials require that family to be infinite, while our Definition 2.5 allows
for finite families.

4. APPLICATION TO LAGUERRE POLYNOMIALS AND
ASSOCIATED LAGUERRE POLYNOMIALS

The associated Laguerre polynomials {L(x; ¢)} [10, 3] are generated by
Ly(x;c)=1, Li(x;c)=(a+1-x+2)/(c+1),

xLy(x;¢)=—(n+c+ 1)L,

n+1

(x;¢6)+(2n+2c+a+ 1)L (x;c)
—(n+c+a)l’ (x;0), n=1,2,....
n—1

We wish to investigate the dependence of the zeros of {L,(x;c)} on the pa-
rameter «. The associated Laguerre polynomials provide an example of birth
and death process polynomials, since 7, = —f, —d, . Theorem 1 of [12] shows
that the largest zero of such a polynomial increases with a, a > 0. We will
see that this increasing property holds for all the zeros.

In the notation of §2 we have f, = -n—-c—1, y, =2n+2c+a+1, J, =
—n — ¢ — «a, the entries of the matrix A, are of the form

a, ;=\{i+c+it+tc+ta+1)d,

+ (204 2c+a+1)5,  +V(i+o)li+c+a)d, ),

and so the entries of the matrix 04, /Jda are of the form

Viterd ViTe
¢ = 2-—5,_/‘—1 +0, ,+ 57— i+l
Vi+c+a+l 2\/(i+c+a)

Now, for @« > 0 and ¢ > -1, this matrix is clearly positive definite, by
comparison with the matrix in (7), using Theorem 2.4. This shows that for
a >0, c> -1, the zeros of the associated Laguerre polynomial increase with
the parameter «.

In the special case ¢ = 0, we have the classical Laguerre polynomials {L (x)}
and the result just obtained shows that their zeros increase with «, a > 0.
Actually the stronger result that the zeros increase with «, « > —1, can be
obtained by Markoff’s theorem [21, Theorem 6.12.1], by the method of Stieltjes
[21, §6.22] or, most simply, by the elegant electrostatic interpretation of the
zeros [21, Theorem 6.7.3]. We point out, however, that these methods are
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based on knowing the weight function or the differential equation satisfied by
the polynomials and are not obviously applicable in the case ¢ # 0. We remark
that the weight function for the associated Laguerre polynomials is (see [3])
x%e “ly(c, 1 -a, xe_i”)l‘z, v being the Tricomi y function [7] and we
know of no way to express the derivative with respect to a parameter of the
Tricomi y function in terms of simple special functions. Furthermore, if ¢ >
—1, a+c > —1 but 1+a+2c < 0, the measure of orthogonality of the associated
Laguerre polynomials has a discrete mass which depends on «, and Markov’s
theorem is not applicable. The associated Laguerre polynomials do not satisfy
a second-order differential equation of Sturm-Liouville type. They satisfy a
fourth-order differential equation with polynomial coefficients [10] which does
not seem amenable to a Sturmian approach.

In the case of the usual Laguerre polynomials (¢ = 0), Theorem 2.1 may be
used to provide a compact integral representation, (8) below, for the derivative
of a zero ¢ of L) (x) with respect to a. In this case

?/T

=(Up, ... U, ),

u, = (—1* k! (a+ 1), L @),

so the denominator in the formula given by Theorem 2.1 is, in this case,

where

n—1
SILL @ kY (e + 1),

k=0
which may be summed, using [8, p. 188, (9)], to get
n! a
—— L
o L QIO

The numerator is ?/T((‘)H/ar)% , where the (i, j)th element of 0 H/O7 is

_vitl 5 -V s
TaVar ot O T e

Thus the numerator is equal to

S K e - @)

Tk k\&) = Ly

prs (a+1),
which, using [8, p. 191, (29)], gives

oo h— 1

. (y (x -y
/ Z a+1) (E)LL(E +y)e dy.

Using [8, p. 188, (9)], and recalling that Ln (&) = 0, we see that this last expres-
sion is equal to

! =)
SCES /0 u”leT Ly ()L, (& +u) du
n—1
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so we finally obtain

(8) “YLY(E +u)du

da [L“(é)] /

It is not obvious from this formula that ¢ increases with o, a > —1. However
since we know that this is, in fact, the case we can deduce that

m/ow u e T LY (E+u)du >0,

where ¢ is a zero of L) (x), a > —1. (The numerator obtained above can be
shown to be positive for a > 0 using the Cauchy-Schwarz inequality.)

5. THE AL-SALAM-CARLITZ POLYNOMIALS

Another example illustrating the advantage of our approach is the case of
the Al-Salam-Carlitz polynomials {U x)}; see Chihara [6, p. 196]. These are
given by

vxy=0, UPx) =1,
U\ (x) =[x — (1 +a)g" WU (x) + ag"" (1 = "YU, (%),

where a < 0, 0 < g < 1. Although it is not clear whether U,(,“)(x) tends to an
interesting class of orthogonal polynomials as ¢ — 1™, it is nevertheless true
that the set {U,(,a)(x)} has many of the desirable combinatorial properties of a
g-analogue of the Charlier polynomials [16].

The interval [a, 1] is the true interval of orthogonality of {U,ia)(x)}. Hence,
by Theorem 2.5, the tridiagonal symmetric matrix M with

(9)

m =1-(1+a)q", m =—\/—aq"(1-q"™"), n=0,1,...,

nn n,n+1

is positive definite. It will be useful later to replace a by q2 /(4a) giving the
positive definiteness of the_ tridiagonal symmetric matrix M with

=1-(1+4"/(4a))q",
nn+l \/— n+2 - n+l)/(4a) n=0,1,....

Now we prove

(10)

Theorem 5.1. Let 0 < g < 1. The zeros of {U,(,a)(x +a/q)} are strictly decreas-
ing functions of a on the interval —oco < a < —q2[4(1 - q)]_l (<0).

Proof. Inthiscase g, =1, y, =(a+1)q"—a/q, o, = —a¢" '1-¢"), t=a,
so the elements of the matrix A are given by

n+l)

a,,=(a+1)q"-a/q, a,, =y\-aq"(1-¢""), n=0,1,...,

and the elements of the matrix —9A4/0a are given by

—-1/2
cnnz-—qn-{»l/q, Cponst = qn(l—qn+l)(—a) //2, n=0,1,....
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We need to show that, under the given conditions, this matrix is positive definite.
We do this by comparing it with (10), using Theorem 2.4. This leads to showing
that

1 1

< .
(1=g"H(1=¢"™%) 7 (1= (1+4¢*/(4a))q")(1 - (1 +¢*/(4a))g"*")
But this is true under the given hypothesis —oco < a < —q2[4(1 - q)]_1 which
is equivalent to ¢ < 1 + q2 /4a . This completes the proof of Theorem 5.1.

We remark that some restriction on a, though probably not as stringent
as —oo < a< —q2[4(1 — q)]'l , which arose in using our comparison result
(Corollary 2.7), is necessary for the positive definiteness of —94/0a. This can
be seen by examining the positivity of the determinant

1/g -1 W(@-1)/a
WVig-1)]a 1/q9—g¢

of the first two rows and columns of —94/da.

Theorem 5.2. The zeros of {U;a)(x\/—a)} increase with a, —oo <a < 0.

Proof. In view of Corollary 5.3, to be proved below, we will actually present the
formula arising from Theorem 2.1, for the derivatives of the zeros with respect
to a. It follows from (9) that the orthonormal polynomials

(_a)—n/2q—n(n—l)/4

p,(x):= - -
V=)= (1=g"
satisfy the recursion relation

2
g"*(1-¢q Pyt (X)

=(x-(1+a)g"/V=a)p,(x) -4 (1-4¢")"p,_,(x).
Let x, < x, <---<x, bethezerosof p, (x). Foreach j, 1 <j<n, X; is

an eigenvalue of the »n x n truncation of the tridiagonal matrix associated with
(11). In this matrix, only the diagonal elements depend on a. Furthermore,

U,(?a)(x -a)

n+l)l/2

(11) (n=1)/2 12

7/,- = (Po(x;)s ooy Dy (X)) is an eigenvector corresponding to the eigenvalue
X;. Thus Theorem 2.1 gives
Ox; ka2 0 (1+a) /=
2 —j — — s

which implies the required result.

Corollary 5.3. Let x,(a) < X,(a) < --- < x,(a) be the zeros of U,(,‘”(x\/—a).
Then

0<xj(b)~xj(a)<l+b I +a a<b<O.

SV Va
Proof. In (12), majorize qk by 1 and integrate the resulting differential in-
equality.
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6. MEIXNER POLYNOMIALS

The Meixner polynomials

m (x: B, c)=(B), ,F, (‘”’ﬂ_“‘{l-c“>, B>0,0<c<1,

satisfy the three-term recurrence relation
cm, (x5 B,c)=[x(c—=1)+n(l+c)+chlm, (x;B,c¢)
—nn+p—-1m, (x;B,¢), n>0,
[6, pp. 161 and 176]. One can apply Theorem 2.3 to see that the zeros of
m, (x; fB,c) increase with f when B > 1. The details are similar to our
analysis of the associated Laguerre polynomials and will be omitted.

To study the dependence of the zeros of the Meixner polynomials on the
parameter ¢, we found it more convenient to use the renormalization

(_l)ncn/z X\/E
M (x; = ; .
W(x5 B, 0) n!(ﬂ)nm” l_C,B,c
The M, ’s are orthonormal polynomials generated by
M_](X;ﬁsc):()? Mo(x’ﬁ9c):13

XM, (x =V(n+1D)n+ )M,  (x; B, ¢)
(13) [\f/?+n1+€/f]M"(X,B,C)
+Vnn+ - 1OM,_( c).
As ¢ — 1, the zeros of M, (x; B, c) converge to the corresponding zeros of
L¥~Y(x), since [6, p. 177 or 8, p. 226, (15)]

n
lim m, <;—£, B, c) = n!Lfl/-’—l)(x).

c—1

We wish to estimate the rate at which the zeros of M, (x; 8, ¢) tend to the

corresponding zeros of Lﬁlﬂ_”(x) ,as c— 1~
Let

(14) m, (B,c)<-<m, (B,c) and [ (o)< - <l (@)

be the zeros of m, (x; B, c¢) and L (x), respectively. We shall denote the zeros
Of Mn(xs ﬂ? C) by anj(ﬂv C) ) le’

Mn‘j(ﬂ,C)I \/E mn‘j(ﬁ,c).

Theorem 6.1. The quantities Mmj(ﬂ, ¢) increase with ¢ on the interval
(n=1/(f+n-1)<c<1 and converge to ln‘j(,b’ -1 asc—1"

Proof. The n x n truncation of the infinite tridiagonal matrix associated with
(13) has eigenvalues M, (B,c),..., M, (B,c) and an eigenvector corre-
sponding to M,w-(ﬂ, c) is

IMy(M,, (B.C)s Buc)eees My_ (M, (B.0): 8.0}
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We then apply Theorem 2.1 and obtain
-1

9 s Be+k(c :
M kZ TN Fer = D m, 8,058, 0

(15) n—1 -1
X ZMz(Mn,j(ﬂ9c);ﬁ,C)
k=0

The coeflicients are all positive for the given range of values of ¢. This proves
Theorem 6.1.

We now obtain two-sided inequalities for the zeros of the Meixner polyno-
mials.

Theorem 6.2. Let m, (B, c) and ln,j(a) beasin (14). If 0<c < 1, then

l1-c
NG

(n-1 . 2
<h (B =) = Bl = V) + Eo (1= VD)
Proof. Observe that (15) holds for all » > 0 and all ¢ € (0, 1). Since fc >
Bc+k(c—1)>Bc+(n—-1)(c—1), we get

B _OM, (B.c) PBc+(n-1)(c-1)
e T oc 2cve ‘

Integrating this inequality between ¢ and 1 and using M, (B, 1) =1/, (B-1)
we get (16).

(16) 1, ,(B—1)=B(1 =) < —=<m, (B, ¢)

7. POLLACZEK POLYNOMIALS

The Pollaczek polynomials P: (x; a, b) satisfy the recurrence relation [6, p.
184]

(x;a, b)_2[(n+l+a)x+b]1’ (x;a,b)
—(n+2/1—l)Pn~](x;a,b).

From this we see that the orthonormal Pollaczek polynomials

(n+ 1P

n+l

Agn A _ [nln+Ai+a) a0
pn(X)—pn(X,a,b)— mpn(x,a,b)
satisfy
xpl(_x a, b) 1 w (x a, b)

(A+a+n), Pra

b i, 1 [ n(n+24A-1)
_n+l+ap"(x’a’b)+2\/(,1+a+n 1), Py l(x a, b).
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Thus if {x (a, b)} are the zeros of p, (x a, b), then by Theorem 2.1,
(17)

g_bxi @ Z:k+/t+a[pk( n.i@> b)) Z[pk X, fa, b)Y,

k=0
which implies the following theorem.

Theorem 7.1. If A+a > 0, then the zeros of the Pollaczek polynomials decrease
as b increases.

From (17), we obtain, for A+a >0,

1 <_ 0 o (a.b) < 1
Ata+n-—1 ap > n.i At+a
Integrating this between O and b, we get
b b
(18) m—m (a 0)—x, I(a b) < T2’ A+a>0, b>0.

The lower bound in (18) seems to be sharp.
We write x, ,(a,b) = cos( (a, b)), where the zeros of P (x;a,b) sat-
isfy
1> xi‘l(a, b) > xi‘z(a, by> > xiqn(a, b) > —

The Pollaczek polynomials reduce to the ultraspherical ones when a = b = 0.
In this case we have the limiting relation

A ‘
nb, ;(0,0)=J; 1,

[21, Theorem 8.1.2]. It is of interest to discover the asymptotic behaviour of
the zeros for general a and b. R. Askey [1] has conjectured that

n[0 ila, b)] =2a+2b+ 112, | to(l/n), n — oo.

Here we are able to get some information in the case a = 0. In this case, the
lower bound in (16) leads to

b 2 (1 .2 (1

pp— + 2sin (50,, (0, O)) < 2sin (20;1 (0, b))

Thus we have
n[Gi.,(O, b)]2 > 4n'sin’ (%On".(o, b))
2nb

> =77

T A+n-1

leading to the asymptotic lower bound

26(1-4) 12
n

nl6: (0, b1 >2b+ o’y

for sufficiently large » and A > —1/2.



78

N

11.
12.

20.

21

22.

23.

© © ™ = o

M. E. H. ISMAIL AND M. E. MULDOON

REFERENCES

R. Askey, private communication.

R. Askey and M. E. H. Ismail, Recurrence relations, continued fractions and orthogonal
polynomials, Mem. Amer. Math. Soc. No. 300 (1984).

. R. Askey and J. Wimp, Associated Laguerre and Hermite polynomials, Proc. Roy. Soc.

Edinburgh Sect. A 96 (1984), 15-37.

. F. V. Atkinson, Discrete and continuous boundary value problems, Academic Press, New

York, 1964.

. T. S. Chihara, Chain sequences and orthogonal polynomials, Trans. Amer. Math. Soc. 104

(1962), 1-16.
. An introduction to orthogonal polynomials, Gordon and Breach, New York, 1978.

. A. Erdélyi et al., Higher transcendental functions, vol. 1, McGraw-Hill, New York, 1953.

, Higher transcendental functions, vol. 2, McGraw-Hill, New York, 1954.

. G. Freud, Orthogonal polynomials, English transl., Pergamon Press, New York, 1971.
. W. Hahn, Uber Orthogonalpolynome mit drei Parameteren, Deutsche Math. 5 (1940-41),

373-378.

R. Horn and C. Johnson, Matrix analysis, Cambridge Univ. Press, Cambridge, 1985.

M. E. H. Ismail, The variation of zeros of certain orthogonal polynomials, Adv. Appl. Math.
8 (1987), 111-118.

, Monotonicity of zeros of orthogonal polynomials, in g-Series and Partitions (D.
Stanton, ed.), IMA Vol. Math. Appl., vol. 18, Springer-Verlag, New York, 1989, pp. 177-190.

. M. E. H. Ismail, J. Letessier, D. R. Masson, and G. Valent, Birth and death processes

and orthogonal polynomials, Orthogonal Polynomials: Theory and Practice (P. Nevai, ed.),
NATO ASI Series, Kluwer Academic Publishers, Dordrecht, Boston, and London, 1990,
pp. 229-255.

. M. E. H. Ismail, J. Letessier, and G. Valent, Linear birth and death models and associated

Laguerre polynomials, J. Approx. Theory 56 (1988), 337-348.

. M. E. H. Ismail, D. Stanton, and D. White, The combinatorics of Charlier polynomials (to

appear).

. M. E. H. Ismail and R. Zhang, On the Hellmann-Feynman theorem and the variation of

zeros of certain special functions, Adv. Appl. Math. 9 (1988), 439-446.

. A. Laforgia and M. E. Muldoon, Some consequences of the Sturm comparison theorem,

Amer. Math. Monthly 93 (1986), 89-94.

. L. Lorch, Elementary comparison techniques for certain classes of Sturm-Liouville equations,

Differential Equations (G. Berg, M. Essén, and A. Pleijel, eds.), Proc. Conf. Uppsala, 1977,
Almgqvist and Wiksell, Stockholm, 1977, pp. 125-133.

A. W. Marshall and 1. Olkin, Inequalities: Theory of majorization and its applications,
Academic Press, New York, 1979.

G. Szegod, Orthogonal polynomials, Amer. Math. Soc. Collog. Publ., vol. 23, 4th ed., Amer.
Math. Soc.,, Providence, R.1., 1975.

H. S. Wall, Continued fractions, Van Nostrand, New York, 1948; reprinted, Chelsea, New
York, 1967.

H. S. Wall and M. Wetzel, Quadratic forms and coi;vergence regions for continued fractions,
Duke Math. J. 11 (1944), 373-397.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTH FLORIDA, TAMPA, FLORIDA 33620

DEPARTMENT OF MATHEMATICS, YORK UNIVERSITY. NORTH YORK, ONTARIO M3J 1P3, CANADA



	0100067
	0100068
	0100069
	0100070
	0100071
	0100072
	0100073
	0100074
	0100075
	0100076
	0100077
	0100078
	0100079
	0100080

